The aim of this note is to clarify what can be a correct analogue of modules of 'semi-infinite wedges' over the Virasoro algebra, considered in [1], for a certain class of Lie superalgebras.
Introduction
The Virasoro algebra Vir = n∈Z CL n ⊕ CC is the Lie algebra which satisfies This algebra has a Z-graded module V = n∈Z Cv n whose central charge is 0. In 1982, B. Feigin and D. Fuchs [1] introduced the vector space ∞ 2 +• V spanned by the elements of the form, called semi-infinite wedges
where the indices {i n } n>0 satisfy i n+1 − i n = 1 for sufficiently large n ∈ Z. They showed that the naïve action of Vir on this space, i.e., for n = 0,
defines an action of the Virasoro algebra Vir with a non-trivial central charge.
Now, let g = g0 ⊕ g1 be a Lie superalgebra over the complex number field C which admits a compatible Z-gradation, i.e., g = n∈Z g n such that
1. g n = g n ∩ g0 ⊕ g n ∩ g1 for all n ∈ Z and 2. [g m , g n ] ⊂ g m+n for all m, n ∈ Z.
We assume that dim g n < ∞ ∀ n ∈ Z.
Let V = n∈Z V n be a Z-graded module all of whose graded components are Z/2Z-graded and of finite dimension. It has a Z × Z/2Z-graded basis {v i } i∈Z of V satisfying, for m > n,
The aim of this short note is to explain how one can construct a projective g-module that generalizes ∞ 2 +• V . This can be accomplished by regarding ∞ 2 +• V as a Fock module over a Clifford algebra. In fact, a naïve generalization of the space of semi-infinite wedges does not work. This is because in the super setting, one cannot realize the vacuum vector of a Fock module in terms of a naïve analogue of a semi-infinite wedge since one can fill any finite number of the same bosons. By this reason, a naïve generalization of the g-action on semi-infinite wedges is not well-defined.
In section § 2, we will describe a g-action on Fock modules over a shifted Heisenberg superalgebra. That over a Clifford superalgebra will be explained in § 3. In § 4, we discuss some examples to illustrate our construction (, see Proposition 4.1 and 4.2.) In § 5, we explain some subtleties, for example, the difference between two constructions of Fock modules given § 2 and 3, etc.. Throughout this note, the ground field is always fixed as the complex number field C unless otherwise stated. For a Z-graded vector space V = n∈Z V n , V := n∈Z V * n denotes the restricted dual of V and the dual base of {v i } is denoted by {v i }. For a Z/2Z-graded vector space W = W0 ⊕ W1, ΠW stands for the Z/2Z-graded vector space satisfying (ΠW )0 = W1 and (ΠW )1 = W0. For w ∈ W , the corresponding element in ΠW is denoted by w. For Z × Z/2Z-graded subspaces V ± ⊂ V such V = V + ⊕ V − and v ∈ V , we denote by v ± ∈ V ± the projection of v with respect to this decomposition, i.e., v = v + + v − .
Everything written in this note seems to be well-known among the specialists. But, as far as we know, there is no appropriate literature, and we have decided to write this short note.
Shifted Heisenberg superalgebra
In this section, we define g-actions on a Fock module over a shifted Heisenberg superalgebra.
Definition
Let ·, · : (ΠV ⊕ ΠV ) × (ΠV ⊕ ΠV ) −→ C be a non-degenerate super skewsymmetric bilinear form defined as follows:
We define the shifted Heisenberg superalgebra H(ΠV ⊕ ΠV ) as a quotient of the tensor algebra T (ΠV ⊕ ΠV ) over ΠV ⊕ ΠV by the ideal generated by
There is a natural isomorphism
with respect to the filtration induced from the natural Z ≥0 -gradation on T (ΠV ⊕ ΠV ). Below, we identify an element of ΠV ⊕ ΠV with its image under the natural inclusion
In the next subsection, we define a projective g-action on F
where the right module structure on V is defined by
Here, the normal ordered product
One has the next theorem:
Here, the 2-cocyle µ δ is given as follows:
Proof. By definition, for a homogeneous x ∈ g, we have
for homogeneous x, y ∈ g. Here,
and
Similarly,
Hence, by (1), (2), (3) and (4), one has
which implies that µ δ is a 2-cocyle and the theorem has been proved.
Let us rewrite the 2-cocycle µ δ . By definition, we have
Thus, in the case when V + = n≥i V n and V − = n<i V n for some i ∈ Z,we obtain the next description if the 2-cocycle µ δ :
Here, ρ : g −→ End(V ) denotes the representation.
We remark that, in the case when V = g, the projective g-action defined by
) specializes to those considered, e.g., in [6] and the explicit description of the 2-cocycle µ δ specializes to that given in [3] .
Clifford Superalgebra
In this section, we define g-actions on a Fock module over a Clifford superalgebra.
Definition
We define the Clifford superalgebra C(V ⊕V ) as a quotient of the tensor algebra T (V ⊕ V ) over V ⊕ V by the ideal generated by
with respect to the filtration induced from the natural Z ≥0 -gradation on T (V ⊕ V ). Below, we identify v ∈ V ⊕ V with its image under the map
• is defined as follows: for v ∈ V and f ∈ V , we set
Here, µ δ is the 2-cocycle given by
Here, we show the outline of a proof of this thoerem.
for homogeneous x, y ∈ g. Here, one has
Hence, the theorem is proved.
By an argument similar to Lemma 2.1, in the case when V + = n≥i V n and V − = n<i V n for some i ∈ Z, we obtain the next description of the 2-cocycle µ δ :
Examples
In this section, we first recall a well-known example based on the Virasoro algebra to illustrate the results obtained in § 2 and § 3. The second example discussed here is representations of N = 1 super Virasoro algebras.
Virasoro algebra
Since, for a non-superalgebra, the constructions given in § 2 and § 3 make no difference, here we consider an example of what we have described in § 3.
For a, b ∈ C, the Virasoro algebra has a Z-graded module V a,b :
For simplicity, we set V := V a,b , V + := n≥0 Cv n and V − := n<0 Cv n . Under this setting, Theorem 3.1 and Lemma 3.1 imply
Hence, we obtain the famous free field realization of the Virasoro algebra:
N = 1 super Virasoro algebras
Recall that, for ε ∈ {0, 1 2 }, the N = 1 super Virasoro algebra Vir ε is a Lie superalgebra
with the parity
satisfying the following commutation relations: 
We remark that, for F f V ;V+,V− , the generating series of Vir 1
can be expressed in terms of the super-fermionic fields introduced in [4] . It might be an interesting problem to study the relation between the Fock module F f V ;V + ,V − and the Fock modules studied in [2] via the super Boson-Fermion correspondence discussed in [4] .
Discussions
In this note, we have constructed two super-generalizations of modules of 'semiinfnite wedges'. Here, we explain some subtle points in these constructions.
Two Fock modules 
